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Àííîòàöèÿ

Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ óñòîé÷èâîñòè ñêàëÿðíîãî ëèíåéíîãî

íåàâòîíîìíîãî äè��åðåíöèàëüíîãî óðàâíåíèÿ ïåðâîãî ïîðÿäêà ñ ïîñëå-

äåéñòâèåì, ÿâíî âûðàæåííûå ÷åðåç ïàðàìåòðû óðàâíåíèÿ è óñèëèâàþ-

ùèå èçâåñòíûå ðåçóëüòàòû, èäóùèå îò êëàññè÷åñêèõ òåîðåì Ìûøêèñà

¾î 3/2¿. Ïðîâåäåíî ïîäðîáíîå ñðàâíåíèå íîâûõ óñëîâèé óñòîé÷èâîñòè

ñ èçâåñòíûìè. Íîâûé ïîäõîä äàåò ñóùåñòâåííî ëó÷øèå ðåçóëüòàòû â

ïðèìåíåíèè ê óðàâíåíèÿì ñ îäíèì ñîñðåäîòî÷åííûì çàïàçäûâàíèåì è

äîïóñêàåò ðàñïðîñòðàíåíèå íà áîëåå øèðîêèå êëàññû óðàâíåíèé.
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Abstra
t

We obtain su�
ient stability 
onditions for a s
alar linear nonautonomous

�rst-order delay di�erential equation. The 
onditions are expli
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expressed in terms of parameters of the given equation, and strengthen

the known results 
oming from the 
lassi
al Myshkis theorems on 3/2. We

provide a detailed 
omparison of the new stability 
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Ââåäåíèå

Â êîíöå 40-õ ãã. ÕÕ â. À.Ä.Ìûøêèñ ïîëó÷èë [1℄ óñëîâèÿ óñòîé÷èâîñòè

ëèíåéíîãî íåàâòîíîìíîãî óðàâíåíèÿ ñ çàïàçäûâàþùèì àðãóìåíòîì

ẋ(t) + a(t)x(t− r(t)) = 0, t ∈ [0,+∞) ≡ R+, (1)
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144 �àçâèòèå ïîäõîäîâ ê çàäà÷å Ìûøêèñà

ãäå a(t) ≥ 0 è r(t) ≥ 0: âñå ðåøåíèÿ óðàâíåíèÿ (1) óñòîé÷èâû ïî Ëÿïóíîâó

ïðè óñëîâèè

sup
t∈R+

a(t) · sup
t∈R+

r(t) ≤ 3/2,

à ïðè âûïîëíåíèè ñòðîãîãî íåðàâåíñòâà

lim
t→+∞

a(t) · lim
t→+∞

r(t) < 3/2

è äîïîëíèòåëüíîì óñëîâèè a(t) ≥ m > 0 àñèìïòîòè÷åñêè óñòîé÷èâû.

Ìûøêèñ òàêæå ïîêàçàë, ÷òî êîíñòàíòà 3/2 íåóëó÷øàåìà: ñòðîãîå íåðàâåí-
ñòâî íåëüçÿ çàìåíèòü íåñòðîãèì, à â íåñòðîãîì íåëüçÿ çàìåíèòü âåðõíèå

ãðàíè âåðõíèìè ïðåäåëàìè.

Â ìåæäóíàðîäíîé ïå÷àòè èññëåäîâàòåëüñêèé èíòåðåñ ê ý��åêòèâíûì

óñëîâèÿì óñòîé÷èâîñòè äè��åðåíöèàëüíûõ óðàâíåíèé ñ ïîñëåäåéñòâèåì

ïðîÿâèëñÿ ê êîíöó 60-õ ãã. [2, 3℄ è ðåçêî âîçðîñ â ïîñëåäíèå 20 ëåò ÕÕ

âåêà. Ñ ýòîãî âðåìåíè ïîòîê ðàáîò, ïîñâÿùåííûõ ýòîé òåìå, íå îñêóäåâàåò.

Èçâåñòíû îáîáùåíèÿ òåîðåì Ìûøêèñà äëÿ ëèíåéíûõ óðàâíåíèé ñ çàïàç-

äûâàíèÿìè ðàçíîãî âèäà [4, 5, 6, 7℄ è íåêîòîðûõ íåëèíåéíûõ ìàòåìàòè-

÷åñêèõ ìîäåëåé [3, 8, 9, 10℄, ñàìîñòîÿòåëüíûì íàïðàâëåíèåì èññëåäîâàíèé

ñòàë ïîèñê óñëîâèé óñòîé÷èâîñòè ðàçíîñòíûõ óðàâíåíèé ñ ïîñëåäåéñòâèåì

[11, 12, 13℄, íåäàâíî ïîÿâèëèñü ïðîäâèæåíèÿ â ïåðåíîñå òåîðåì î 3/2 íà

âåêòîðíûå óðàâíåíèÿ [14℄.

Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà çàäà÷å Ìûøêèñà â åå èñõîäíîé ïîñòàíîâ-

êå: âûðàçèòü ÷åðåç ïàðàìåòðû óðàâíåíèÿ (1) äîñòàòî÷íûå óñëîâèÿ óñòîé-

÷èâîñòè åãî ðåøåíèé. Íî õîòÿ â îñíîâíîì ñîäåðæàíèè ñòàòüè ìû îãðàíè-

÷èâàåìñÿ èññëåäîâàíèåì óðàâíåíèÿ (1), îòìåòèì, ÷òî èñõîäíûì ïóíêòîì

èññëåäîâàíèÿ áûë ñëåäóþùèé. Óñëîâèÿ óñòîé÷èâîñòè â òåîðåìàõ î 3/2 ïðè
ïåðåõîäå îò óðàâíåíèÿ ñ îäíèì ñîñðåäîòî÷åííûì çàïàçäûâàíèåì (1) ê áî-

ëåå îáùèì êëàññàì óðàâíåíèé ïðè ñîõðàíåíèè íåóëó÷øàåìîñòè êîíñòàíòû

3/2 ðåçêî òåðÿþò â òî÷íîñòè. Âïåðâûå íà ýòî áûëî îáðàùåíî âíèìàíèå â
èçâåñòíîé ðàáîòå [8℄, ãäå áûëî, â ÷àñòíîñòè, ïîêàçàíî, ÷òî äëÿ óðàâíåíèÿ

ẋ(t) + a1(t)x(t− r1(t)) + a2(t)x(t− r2(t)) = 0, t ∈ R+, (2)

ãäå ai(t) ≥ 0 è ri(t) ≥ 0 äëÿ i = 1, 2, óñòîé÷èâîñòü ðåøåíèé ïî Ëÿïóíîâó

ãàðàíòèðóåòñÿ óñëîâèåì

sup
t∈R+

a1(t) · sup
t∈R+

r1(t) + sup
t∈R+

a2(t) · sup
t∈R+

r2(t) ≤ 1,

ãäå êîíñòàíòó 1 â ïðàâîé ÷àñòè íåðàâåíñòâà íåëüçÿ óâåëè÷èòü. Ôîðìàëüíî
îáîáùàþùåå òåîðåìó Ìûøêèñà óñëîâèå óñòîé÷èâîñòè

sup
t∈R+

(a1(t) + a2(t)) · max
i∈{1,2}

sup
t∈R+

ri(t) ≤ 3/2,
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â ñóùíîñòè ïî÷òè íè÷åãî ê íåé íå äîáàâëÿåò. Óñëîâèé óñòîé÷èâîñòè, íåçà-

âèñèìî ó÷èòûâàþùèõ âëèÿíèå ðàçíûõ çàïàçäûâàíèé áåç ïîòåðè òî÷íîñòè,

äî ñèõ ïîð ïðåäëîæåíî íå áûëî.

Ñèòóàöèÿ, ïîäîáíàÿ îïèñàííîé, èìåëà ìåñòî â èññëåäîâàíèÿõ óñëîâèé

êîëåáëåìîñòè ðåøåíèé óðàâíåíèé ñ ïîñëåäåéñòâèåì â âèäå íåðàâåíñòâ ñ

äðóãîé çíàìåíèòîé êîíñòàíòîé â ïðàâîé ÷àñòè, à èìåííî 1/e, òàêæå âïåð-
âûå óêàçàííîé Ìûøêèñîì â òîé æå ðàáîòå [1℄. Íåñêîëüêî ëåò íàçàä áûëè

íàéäåíû òàêèå óñëîâèÿ êîëåáëåìîñòè âñåõ ðåøåíèé óðàâíåíèÿ ñ íåñêîëü-

êèìè çàïàçäûâàíèÿìè, ÷òî âëèÿíèå êàæäîãî çàïàçäûâàíèÿ ó÷èòûâàåòñÿ

íåçàâèñèìî � îòäåëüíûì ñëàãàåìûì îöåíèâàåìîãî �óíêöèîíàëà [15℄. Òî÷-

íîñòü òàêèõ óñëîâèé ñóùåñòâåííî âûøå òî÷íîñòè ðàíåå èçâåñòíûõ. Ýòè

ðåçóëüòàòû ïîñòàâèëè åñòåñòâåííûé âîïðîñ: èìåþòñÿ ëè âîçìîæíîñòè ïî-

äîáíîãî îáîáùåíèÿ òåîðåì î 3/2?
Ìû ïðåäëàãàåì íîâûé ïîäõîä ê ïîëó÷åíèþ óñëîâèé óñòîé÷èâîñòè óðàâ-

íåíèé ñ ïîñëåäåéñòâèåì, êîòîðûé â ïðèìåíåíèè äàæå ê óðàâíåíèþ ñ îäíèì

çàïàçäûâàíèåì (1) ïîçâîëÿåò ïîëó÷èòü óñëîâèÿ óñòîé÷èâîñòè, ñóùåñòâåí-

íî óñèëèâàþùèå èçâåñòíûå. Ê âîïðîñó î âîçìîæíîñòè ïðèìåíåíèÿ ïîäõîäà

äëÿ ïîëó÷åíèÿ óñëîâèé óñòîé÷èâîñòè óðàâíåíèé áîëåå øèðîêèõ êëàññîâ (â

÷àñòíîñòè, óðàâíåíèÿ (2)) ìû âîçâðàùàåìñÿ â ïîñëåäíåé ÷àñòè ðàáîòû.

� 1. Èñõîäíûå äàííûå è ïîñòàíîâêà çàäà÷è

1.1 Ôóíêöèÿ Êîøè è óñòîé÷èâîñòü

Íèæå âåçäå ñèìâîë ∞ îáîçíà÷àåò +∞.

�àññìîòðèì óðàâíåíèå

ẋ(t) + a(t)x(h(t)) = 0, t ∈ R+, (3)

â ñëåäóþùèõ ïðåäïîëîæåíèÿõ: �óíêöèþ a : R+ → R áóäåì ñ÷èòàòü ëî-

êàëüíî ñóììèðóåìîé, �óíêöèþ h : R+ → R èçìåðèìîé è ïîëîæèì, ÷òî

h(t) ≤ t. Íèæå áóäåò íàëîæåíî óñëîâèå a(t) ≥ 0, íî äëÿ îïðåäåëåíèÿ ðå-

øåíèÿ, óñëîâèé îäíîçíà÷íîé ðàçðåøèìîñòè è îïðåäåëåíèÿ óñòîé÷èâîñòè

ýòî óñëîâèå íå òðåáóåòñÿ.

Äëÿ �èêñèðîâàííîãî s ≥ 0 íàçîâåì ðåøåíèåì óðàâíåíèÿ (3) íà ïî-

ëóîñè [s,∞) ëîêàëüíî àáñîëþòíî íåïðåðûâíóþ �óíêöèþ x : [s,∞) → R,

ïî÷òè âñþäó íà [s,∞) óäîâëåòâîðÿþùóþ ðàâåíñòâó ẋ(t) + a(t)x(h(t)) = 0,
â êîòîðîì äëÿ ξ < s ïîëàãàåòñÿ x(ξ) = ϕ(ξ), ãäå ϕ� çàäàííàÿ íà÷àëüíàÿ

�óíêöèÿ.

Íåòðóäíî âèäåòü, ÷òî ïðè óêàçàííûõ óñëîâèÿõ ðåøåíèå óðàâíåíèÿ (3)

íà ïîëóîñè [s,∞) ñóùåñòâóåò è åäèíñòâåííî äëÿ âñÿêîé îãðàíè÷åííîé áîðå-
ëåâñêîé íà÷àëüíîé �óíêöèè ϕ è íà÷àëüíîãî óñëîâèÿ x(s) = xs ∈ R. Çäåñü
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xs íå âõîäèò â îáëàñòü îïðåäåëåíèÿ �óíêöèè ϕ è âûïîëíåíèå óñëîâèÿ

lim
ξ→s

ϕ(ξ) = xs íå òðåáóåòñÿ (áîëåå òîãî, ïðåäåë íå îáÿçàí ñóùåñòâîâàòü).

ßñíûå ïðåäñòàâëåíèÿ îá óñëîâèÿõ óñòîé÷èâîñòè óðàâíåíèÿ (3), îáîáùà-

þùèõ òåîðåìû Ìûøêèñà î 3/2, äàåò ðàáîòà [16℄, â êîòîðîé ñèñòåìàòèçè-

ðîâàíû íàèáîëåå ñèëüíûå ðåçóëüòàòû òàêîãî ðîäà â îòíîøåíèè ëèíåéíîãî

ñêàëÿðíîãî äè��åðåíöèàëüíîãî óðàâíåíèÿ ñ ïîñëåäåéñòâèåì îáùåãî âèäà

ẋ(t) +

∫ t

0

x(s) dsr(t, s) = 0, t ∈ R+, (4)

ñ íåóáûâàþùåé ïî âòîðîìó àðãóìåíòó �óíêöèåé r. Îñíîâíûå ðåçóëüòàòû
ðàáîòû [16℄ ñ�îðìóëèðîâàíû â òåðìèíàõ ñâîéñòâ �óíêöèè Êîøè óðàâíå-

íèÿ (4), è ìû òîæå áóäåì èñïîëüçîâàòü ýòîò àïïàðàò.

Îáîçíà÷èì ∆ = {(t, s) | t ≥ s ≥ 0}.

Îïðåäåëåíèå 1 ([17, ñ. 97℄, [18, ñ. 84℄). Ôóíêöèåé Êîøè óðàâíåíèÿ (4)

íàçûâàåòñÿ �óíêöèÿ C : ∆ → R, òàêàÿ ÷òî

∂C(t, s)

∂t
+

∫ t

s

C(τ, s) dτr(t, τ) = 0, t ≥ s;

C(s, s) = 1; C(ξ, s) = 0, ξ < s.

Ñâîéñòâà �óíêöèè Êîøè óðàâíåíèÿ (4) ïîäðîáíî èçó÷åíû [19℄. Äëÿ

äàëüíåøåãî èçëîæåíèÿ äîñòàòî÷íî çàìåòèòü, ÷òî ïðè �èêñèðîâàííîì âòî-

ðîì àðãóìåíòå s �óíêöèÿ c(·) = C(·, s), ãäå C ��óíêöèÿ Êîøè óðàâíåíèÿ

(3), ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (3) íà ïîëóîñè [s,∞).
Ñóùåñòâóþò ðàçíûå ïîäõîäû ê îïðåäåëåíèþ âèäîâ óñòîé÷èâîñòè äè�-

�åðåíöèàëüíîãî óðàâíåíèÿ ñ ïîñëåäåéñòâèåì; â íàñòîÿùåé ðàáîòå ìû íå

ñîïîñòàâëÿåì èõ. Îãðàíè÷èìñÿ îäíèì çàìå÷àíèåì: óäîáñòâî èñïîëüçîâà-

íèÿ �óíêöèè Êîøè îïðåäåëÿåòñÿ íàñëåäóåìûì èç òåîðèè ëèíåéíûõ óðàâ-

íåíèé áåç ïîñëåäåéñòâèÿ ÿâíûì ïðåäñòàâëåíèåì ðåøåíèÿ íà ïîëóîñè [s,∞)
ñîîòâåòñòâóþùåãî óðàâíåíèþ (4) íåîäíîðîäíîãî óðàâíåíèÿ ñ ïðàâîé ÷à-

ñòüþ f : [s,∞) → R �îðìóëîé [17, ñ. 98℄

x(t) = C(t, s)xs +

∫ t

s

C(t, τ)f(τ) dτ, t ≥ s.

Îïðåäåëåíèå 2. Áóäåì íàçûâàòü óðàâíåíèå (4)

• ðàâíîìåðíî óñòîé÷èâûì, åñëè äëÿ íåêîòîðîãî ÷èñëà N > 0 äëÿ âñåõ
ïàð (t, s) ∈ ∆ èìååì |C(t, s)| ≤ N ;

• àñèìïòîòè÷åñêè óñòîé÷èâûì, åñëè äëÿ ëþáîãî ÷èñëà s ≥ 0 èìååì

C(t, s) → 0 ïðè t→ ∞;
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• ðàâíîìåðíî àñèìïòîòè÷åñêè óñòîé÷èâûì, åñëè äëÿ ëþáîãî ÷èñëà

ε > 0 íàéäåòñÿ òàêîå ÷èñëî l > 0, ÷òî äëÿ ëþáûõ s ≥ 0 è t ≥ s + l
èìååì |C(t, s)| < ε;

• ýêñïîíåíöèàëüíî óñòîé÷èâûì, åñëè äëÿ íåêîòîðûõ N > 0 è γ > 0
äëÿ âñåõ ïàð (t, s) ∈ ∆ èìååì |C(t, s)| ≤ N exp(−γ(t− s)).

Çàäà÷à äàëüíåéøåãî èññëåäîâàíèÿ � ïîëó÷èòü äîñòàòî÷íûå óñëîâèÿ óñ-

òîé÷èâîñòè óðàâíåíèÿ (3) â ñìûñëàõ îïðåäåëåíèÿ 2, âûðàæåííûå â ÿâíîì

âèäå ÷åðåç ïàðàìåòðû óðàâíåíèÿ è îáëàäàþùèå êà÷åñòâàìè, óêàçàííûìè

âî ââåäåíèè.

1.2 Èçâåñòíûå ïîëîæåíèÿ

Äàëåå âåçäå ïîëàãàåì a(t) ≥ 0.
Â ðàáîòå [16℄ óñëîâèÿ óñòîé÷èâîñòè óðàâíåíèÿ (4), îáîáùàþùèå òåîðå-

ìû Ìûøêèñà, ïðåäñòàâëåíû â ïðîñòîì è ëàêîíè÷íîì âèäå, îáúåäèíÿþùåì

â ñåáå âñå ïîëó÷åííûå ðàíåå äîñòèæåíèÿ â ýòîì íàïðàâëåíèè. Ïðèâåäåì

îñíîâíûå ðåçóëüòàòû ýòîé ðàáîòû ïðèìåíèòåëüíî ê óðàâíåíèþ (3) êàê

÷àñòíîìó ñëó÷àþ óðàâíåíèÿ (4).

Ïðåäëîæåíèå 1. Åñëè äëÿ íåêîòîðîãî t0 ≥ 0 ñïðàâåäëèâî íåðàâåíñòâî

sup
t≥t0

∫ t

h(t)

a(s) ds ≤ 3/2, (5)

òî �óíêöèÿ Êîøè óðàâíåíèÿ (3) îãðàíè÷åíà.

Ïðåäëîæåíèå 2. Åñëè

lim
t→∞

∫ t

h(t)

a(s) ds < 3/2, (6)

òî äëÿ íåêîòîðûõ N > 0 è γ > 0 �óíêöèÿ Êîøè C(t, s) óðàâíåíèÿ (3)

ïîä÷èíåíà îöåíêå

|C(t, s)| ≤ Ne−γ
∫
t

s
a(τ) dτ , (t, s) ∈ ∆. (7)

Ïðåäëîæåíèå 3. Åñëè

∫∞

0
a(s) ds <∞, òî äëÿ ëþáîãî ε > 0 íàéäåòñÿ

òàêîå T ≥ 0, ÷òî äëÿ ëþáûõ s ≥ T è t ≥ s èìååì |C(t, s)− 1| < ε.

Ïðåäëîæåíèå 4. Åñëè

∫∞

0
a(s) ds = ∞ è ñïðàâåäëèâî (6), òî óðàâíåíèå

(3) àñèìïòîòè÷åñêè óñòîé÷èâî.

Ïðåäëîæåíèå 5. Åñëè a(t) ≥ m äëÿ íåêîòîðîãî m > 0 è ñïðàâåäëèâî
(6), òî óðàâíåíèå (3) ýêñïîíåíöèàëüíî óñòîé÷èâî.

Êîíñòàíòà 3/2 òî÷íà: â ïðåäëîæåíèè 1 íåëüçÿ çàìåíèòü òî÷íóþ âåðõ-

íþþ ãðàíü âåðõíèì ïðåäåëîì, à â ïðåäëîæåíèÿõ 2, 4 è 5� ñòðîãîå íåðà-

âåíñòâî íåñòðîãèì.
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1.3 Ïðåäâàðèòåëüíûå ðåçóëüòàòû

Ïðåæäå ÷åì ïåðåõîäèòü ê îáîáùåíèÿì ïðåäñòàâëåííûõ âûøå ðåçóëüòà-

òîâ, èìååò ñìûñë íàãëÿäíî ïîêàçàòü ïðîèñõîæäåíèå îïðåäåëÿþùåé òî÷íîå

óñëîâèå óñòîé÷èâîñòè êîíñòàíòû 3/2. Äëÿ ýòîãî äîêàæåì ïðåäëîæåíèå 1,

íå ïðåòåíäóÿ íà èäåéíóþ íîâèçíó, íî âûäåëÿÿ íàèáîëåå ïðèíöèïèàëüíûå

äëÿ äàëüíåéøåãî ìîìåíòû.

Îáîçíà÷èì

µ(τ) =











0, τ < 0,

τ, τ ∈ [0, 1],

1, τ > 1.

(8)

Çàìåòèì, ÷òî

∫ 3/2

0

µ(τ) dτ = 1. (9)

Ñëó÷àé ñõîäèìîñòè

∫∞

0
a(s) ds <∞ ìàëîèíòåðåñåí (ñì. ïðåäëîæåíèå 3),

ïîýòîìó áóäåì ñ÷èòàòü, ÷òî èíòåãðàë ðàñõîäèòñÿ. Â ðàáîòå [20℄ ïîêàçàíî,

÷òî àñèìïòîòè÷åñêèå ñâîéñòâà �óíêöèè Êîøè óðàâíåíèÿ (3), â ÷àñòíîñòè

îãðàíè÷åííîñòü, íå èçìåíÿþòñÿ ïðè èçìåíåíèè êîý��èöèåíòà íà ñóììèðó-

åìóþ íà ïîëóîñè �óíêöèþ, ïîýòîìó ìîæíî ïîëàãàòü, ÷òî a(t) > 0. Ïðèâå-
äåì óðàâíåíèå (3) ê óäîáíîìó äëÿ íàñ âèäó, èñïîëüçóÿ ñòàíäàðòíûé ïðèåì:

ïðåîáðàçóåì îñü âðåìåíè Ot äåéñòâèåì íåïðåðûâíîé âîçðàñòàþùåé �óíê-

öèè. Ïóñòü âðåìÿ òå÷åò ñî ñêîðîñòüþ, ïðîïîðöèîíàëüíîé êîý��èöèåíòó

a(t): ïîëîæèì τ = τ(t) =
∫ t

0
a(s) ds è y(τ(t)) = x(t). Íåòðóäíî ïîêàçàòü

[5, 20℄, ÷òî òàêèì îáðàçîì ïðåäëîæåíèå 1 ñâîäèòñÿ ê óòâåðæäåíèþ, ÷òî

âñå ðåøåíèÿ óðàâíåíèÿ

dy(τ)

dτ
+ y(ψ(τ)) = 0, τ ≥ 0, (10)

ãäå ψ(τ) = ψ(τ(t)) =
∫ h(t)

0
a(s) ds, îãðàíè÷åíû ïðè îãðàíè÷åííîé íà÷àëüíîé

�óíêöèè, åñëè

τ − ψ(τ) ≤ 3/2. (11)

Åñëè ðåøåíèå íå êîëåáëåòñÿ (íå ìåíÿåò çíàê íà÷èíàÿ ñ íåêîòîðîé òî÷-

êè), òî îíî íå âîçðàñòàåò ïî ìîäóëþ, ñëåäîâàòåëüíî, îãðàíè÷åíî.

Äîïóñòèì, ðåøåíèå y óðàâíåíèÿ (10) êîëåáëåòñÿ. Òîãäà äîñòàòî÷íî ïî-
êàçàòü, ÷òî ïðè âûïîëíåíèè óñëîâèÿ (11) äëÿ ëþáîãî ÷èñëàM > 0 è ëþáîé
òàêîé òî÷êè τ1 ≥ 0, ÷òî y(τ1) < 0, èìååì: åñëè y(τ) ≤ M äëÿ âñåõ τ ≤ τ1,
òî y(τ1) ≥ −M (ñëó÷àé íåðàâåíñòâ îáðàòíîãî çíàêà ðàññìàòðèâàåòñÿ àíà-

ëîãè÷íî).

Â ñèëó ëèíåéíîñòè óðàâíåíèÿ áåç îãðàíè÷åíèÿ îáùíîñòè ïîëàãàåì

M = 1.
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Îáîçíà÷èì τ0 = sup{τ ∈ [0, τ1] | y(τ) > 0}. Î÷åâèäíî, y(τ0) = 0.
Â ñèëó óðàâíåíèÿ (10) è ïðåäïîëîæåíèÿ y(τ) ≤ 1 äëÿ τ ≤ τ1, äëÿ τ ≤ τ0

èìååì y′(τ) ≥ −1, îòêóäà äëÿ òàêèõ τ ∈ [τ0, τ1], ÷òî ψ(τ) ≤ τ0, ïîëó÷àåì

y(ψ(τ)) = −(y(τ0)−y(ψ(τ))) = −

∫ τ0

ψ(τ)

y′(ξ) dξ =

∫ τ0

ψ(τ)

y(ψ(ξ)) dξ ≤ τ0−ψ(τ),

òî åñòü, ñîãëàñíî (8),

y(ψ(τ)) ≤ µ(τ0 − ψ(τ)). (12)

Îñòàåòñÿ ïîêàçàòü, ÷òî åñëè ñïðàâåäëèâî (11), òî y(τ1) ≥ −1. È äåé-

ñòâèòåëüíî,

y(τ1) = y(τ1)− y(τ0) =

∫ τ1

τ0

y′(s) ds = −

∫ τ1

τ0

y(ψ(s)) ds

≥ −

∫ τ1

τ0

µ(τ0 − ψ(s)) ds = −

∫ τ1

τ0

µ(τ0 + s− ψ(s)− s) ds

≥ −

∫ τ1

τ0

µ(τ0 + 3/2− s) ds ≥ −

∫ τ0+3/2

τ0

µ(τ0 + 3/2− s) ds

= −

∫ 3/2

0

µ(3/2− s) ds = −1.

Îáðàòèì âíèìàíèå, ÷òî òî÷íîñòü êîíñòàíòû 3/2 â óñëîâèè (11) îïðå-

äåëèëàñü ñîîòíîøåíèåì (9) è îöåíêîé (12) .

� 2. Óñëîâèÿ ðàâíîìåðíîé óñòîé÷èâîñòè

Íèæå èñïîëüçóåòñÿ îïðåäåëåííàÿ �îðìóëîé (8) �óíêöèÿ µ. Çàìåòèì,

÷òî ïðè s > t èìååì µ
(

∫ t

s
a(τ) dτ

)

= 0.

2.1 Íîâîå äîñòàòî÷íîå óñëîâèå

Òåîðåìà 1. Åñëè äëÿ íåêîòîðîãî t0 ≥ 0 ñïðàâåäëèâî íåðàâåíñòâî

sup
t≥t0

∫ ∞

t

µ

(
∫ t

h(s)

a(ξ) dξ

)

a(s) ds ≤ 1, (13)

òî �óíêöèÿ Êîøè óðàâíåíèÿ (3) îãðàíè÷åíà.

Äîêàçàòåëüñòâî. Åñëè äëÿ íåêîòîðîãî �èêñèðîâàííîãî s ≥ 0 çíà÷å-

íèÿ C(t, s) íå ìåíÿþò çíàê ïðè t > s, òî î÷åâèäíî, ÷òî îíè íå âîçðàñòàþò
ñ ðîñòîì t, ñëåäîâàòåëüíî, 0 ≤ C(t, s) ≤ 1.
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Çà�èêèðóåì ïðîèçâîëüíîå s ≥ t0 òàêîå, ÷òî çíà÷åíèÿ C(t, s) ìåíÿþò
çíàê ïðè t ≥ s.

Îáîçíà÷èì c(t) = C(t, s). Ôóíêöèÿ c åñòü ðåøåíèå óðàâíåíèÿ (3) íà

[s,∞).
Ïîêàæåì, ÷òî ïðè âûïîëíåíèè óñëîâèé òåîðåìû äëÿ ëþáîãî ÷èñëàM >

0 è ëþáîé òàêîé òî÷êè t1 ≥ s, ÷òî c(t1) < 0, èìååì: åñëè c(t) ≤ M äëÿ âñåõ

t ∈ [s, t1), òî c(t1) ≥ −M .

Â ñèëó ëèíåéíîñòè áåç îãðàíè÷åíèÿ îáùíîñòè ïîëàãàåì M = 1.
Îáîçíà÷èì s0 = sup{t ∈ [s, t1] | c(t) > 0}. Î÷åâèäíî, c(s0) = 0.
Äëÿ t ∈ [s, s0] èìååì:

c(t) = −(c(s0)− c(t)) =

∫ s0

t

a(u)c(h(u)) du ≤

∫ s0

t

a(u) du.

Ñ ó÷¼òîì îöåíêè c(t) ≤ 1 ïîëó÷àåì: äëÿ âñåõ t ∈ [s, t1] ñïðàâåäëèâî íåðà-
âåíñòâî

c(t) ≤ µ

(
∫ s0

t

a(u) du

)

. (14)

Îòñþäà ïîëó÷àåì

c(t1) = c(t1)− c(s0) = −

∫ t1

s0

a(u)c(h(u)) du

≥ −

∫ t1

s0

a(u)µ

(
∫ s0

h(s)

a(ξ) dξ

)

du ≥ −1.

Àíàëîãè÷íî ïîëó÷àåì, ÷òî åñëè �óíêöèÿ c(t) ìåíÿåò çíàê ïðè t ∈ [s, t1]
è c(t1) > 0, òî c(t1) ≤ − min

t∈[s,t1)
c(t). Òàêèì îáðàçîì, â óñëîâèÿõ òåîðåìû

�óíêöèÿ Êîøè óðàâíåíèÿ (3) îãðàíè÷åíà. Òåîðåìà äîêàçàíà.

2.2 Âûâîä ïðåäëîæåíèÿ 1 èç òåîðåìû 1

Ïðåäïîëîæèì, ÷òî âûïîëíåíû óñëîâèÿ ïðåäëîæåíèÿ 1.

Äëÿ ïðîèçâîëüíîãî t ≥ t0 îïðåäåëèì íà ïîëóîñè [t,∞) �óíêöèþ

α = α(s) =

∫ s

t

a(ξ) dξ.

Äëÿ ëþáîãî s ≥ t èìååì:

∫ t

h(s)

a(ξ) dξ =

∫ s

h(s)

a(ξ) dξ −

∫ s

t

a(ξ) dξ ≤ 3/2− α(s).
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Ôóíêöèÿ α íå óáûâàþùàÿ, α′(s) = a(s), dα = α′(s) ds = a(s) ds, ñëåäî-
âàòåëüíî, â ñèëó íåïðåðûâíîñòè ëèáî ñóùåñòâóåò òàêàÿ òî÷êà t1 > t, ÷òî
α(t1) = 1/2, ëèáî α(s) < 1/2 äëÿ âñåõ s ≥ t. Â ïåðâîì ñëó÷àå äëÿ ëþáîé

òî÷êè t2 ≥ t ïîëó÷àåì:

∫ t2

t

µ

(
∫ t

h(s)

a(ξ) dξ

)

a(s) ds ≤

∫ t2

t

µ (3/2− α(s)) dα(s)

=

∫ t1

t

µ (3/2− α(s)) dα(s) +

∫ t2

t1

µ (3/2− α(s)) dα(s)

= 1/2 +

∫ t2

t1

(3/2− α(s)) dα(s) = 1/2 +

∫ x

0

(1− y) dy ≤ 1/2 + 1/2 = 1.

Âî âòîðîì ñëó÷àå òî æå ñàìîå íåðàâåíñòâî î÷åâèäíî.

Òàêèì îáðàçîì, åñëè âûïîëíåíî óñëîâèå (5) ïðåäëîæåíèÿ 1, òî âûïîë-

íåíî è óñëîâèå (13) òåîðåìû 1.

2.3 Ïðåèìóùåñòâà òåîðåìû 1 ïåðåä ïðåäëîæåíèåì 1

Óñëîâèÿ óñòîé÷èâîñòè êàê òåîðåìû 1, òàê è ïðåäëîæåíèÿ 1 ÿâëÿþòñÿ îöåí-

êàìè èíòåãðàëà îò êîý��èöèåíòà a(t) óðàâíåíèÿ (3). Ýòè óñëîâèÿ îòëè-

÷àþòñÿ, âî-ïåðâûõ, âûáîðîì ìíîæåñòâà èíòåãðèðîâàíèÿ è, âî-âòîðûõ, íà-

ëè÷èåì â òåîðåìå 1 ïîä èíòåãðàëîì âåñîâîãî êîý��èöèåíòà â âèäå �óíê-

öèè µ. Ïðîèëëþñòðèðóåì âëèÿíèå êàæäîãî èç ýòèõ îòëè÷èé íà îáëàñòü

ïðèìåíèìîñòè óñëîâèé óñòîé÷èâîñòè.

Ïðèìåð 1. Ïîëîæèì a(t) ≡ 1 è ðàññìîòðèì �óíêöèþ çàïàçäûâàíèÿ

h(t) =

{

t− C, t ∈ N,

t, t /∈ N,

ãäå C �ïîëîæèòåëüíàÿ êîíñòàíòà. Ïîíÿòíî, ÷òî:

• ðåøåíèå óðàâíåíèÿ (3) ñ óêàçàííûìè ïàðàìåòðàìè âåäåò ñåáÿ êàê

ðåøåíèå óðàâíåíèÿ áåç çàïàçäûâàíèÿ;

• ïðè äîñòàòî÷íî áîëüøèõ C (òàêèõ, ÷òî sup
∫ t

t−C
a(s) ds > 3/2) ïðåä-

ëîæåíèå 1 íå âûÿâëÿåò óñòîé÷èâîñòü óðàâíåíèÿ;

• òåîðåìà 1 ïîêàçûâàåò óñòîé÷èâîñòü äëÿ âñåõ C ≥ 0.

Çäåñü ìåðà òî÷åê, äëÿ êîòîðûõ èíòåãðàë â ïðåäëîæåíèè 1 áîëüøå 3/2,
ðàâíà íóëþ, íî ÿñíî, ÷òî ìàëûì èçìåíåíèåì óðàâíåíèÿ ìîæíî ñäåëàòü åå

ïîëîæèòåëüíîé.
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Ïðåèìóùåñòâî òåîðåìû 1 â äàííîì ïðèìåðå îïðåäåëÿåòñÿ îòêàçîì îò

èñïîëüçîâàíèÿ èíòåãðàëà îò êîý��èöèåíòà ïî äëèíå çàïàçäûâàíèÿ è âû-

áîðîì ïðîìåæóòêà èíòåãðèðîâàíèÿ [t,∞).

Ïðèìåð 2. Ïîëîæèì a(t) ≡ 1 è h(t) = 2n äëÿ t ∈ [2n, 2n + 2), n ∈ N.

Îáùåå ðåøåíèå óðàâíåíèÿ (3) ñ òàêèìè ïàðàìåòðàìè èìååò âèä

x(t) = C(−1)n(1− (t− 2n)), t ∈ [2n, 2n+ 2), n ∈ N, C = 
onst.

Ïðè ýòîì

sup
t∈[0,∞)

∫ t

h(t)

a(s) ds =

∫ 2n

2n−2

ds = 2 > 3/2,

sup
t∈[0,∞)

∫ ∞

t

µ

(
∫ t

h(s)

a(ξ) dξ

)

a(s) ds = sup
t∈[0,2)

∫ 2

t

µ

(
∫ t

0

dξ

)

ds

= sup
t∈[0,2)

[(2− t) · µ(t)] = (2− 1)µ(1) = 1 ≤ 1.

Òåîðåìà 1 âûÿâëÿåò óñòîé÷èâîñòü óðàâíåíèÿ, ïðåäëîæåíèå 1 íåò.

Çäåñü ïðè÷èíà ïðåèìóùåñòâà òåîðåìû 1 â âåñîâîì êîý��èöèåíòå µ(·)
â ïîäûíòåãðàëüíîì âûðàæåíèè.

� 3. Óñëîâèÿ àñèìïòîòè÷åñêîé óñòîé÷èâîñòè

Â äàííîì ðàçäåëå èññëåäóåì, êàê ìîæíî óñèëèâàòü óñëîâèÿ òåîðåìû 1,

÷òîáû ïîëó÷àòü íîâûå óñëîâèÿ ðàçíûõ âèäîâ àñèìïòîòè÷åñêîé óñòîé÷èâî-

ñòè.

Áóäåì ãîâîðèòü, ÷òî äëÿ óðàâíåíèÿ (3) âûïîëíåíî óñëîâèå (A), åñëè

lim
t→∞

∫ ∞

t

µ

(
∫ t

h(s)

a(ξ) dξ

)

a(s) ds < 1.

Óñëîâèå (A) ñàìî ïî ñåáå àñèìïòîòè÷åñêîé óñòîé÷èâîñòè óðàâíåíèÿ (3)
ãàðàíòèðîâàòü íå ìîæåò â ñèëó ïðåäëîæåíèÿ 3. Íå âëå÷åò îíî, â îòëè÷èå

îò íåðàâåíñòâà (6), è îöåíêó �óíêöèè Êîøè (7).

Ïðèìåð 3. Ïîëîæèì a(t) = 1 äëÿ t ∈ R+. Çàäàäèì ïîñëåäîâàòåëüíîñòü

0 = t0 < s1 < t1 < . . . < si < ti < . . . , i ∈ N,

ñëåäóþùèì îáðàçîì: äëÿ íåêîòîðîé êîíñòàíòû C ∈ (1/2, 1) ïîëîæèì

si = ti−1 + ln(i+ 1), ti = si + C, i ∈ N;
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è îïðåäåëèì çàïàçäûâàíèå

h(t) =

{

t, t ∈ [ti−1, si),

ti−1, t ∈ [si, ti).

Íåòðóäíî âèäåòü, ÷òî óñëîâèå (A) âûïîëíåíî:

lim
t→∞

∫ ∞

t

µ

(
∫ t

h(s)

a(ξ) dξ

)

a(s) ds = lim
t→∞

∫ ∞

t

µ(t− h(s)) ds

= lim
i→∞

∫ ti

si

µ(si − ti−1) ds = lim
i→∞

(ti − si)µ(si − ti−1)

= lim
i→∞

(ti − si)µ(ln(i+ 1)) = lim
i→∞

(ti − si) = C < 1.

Ïóñòü x(0) = 1. Òîãäà äëÿ âñåõ i ∈ N è t ∈ (ti−1, ti] èìååì

x(t) =

{

x(ti−1) e
−(t−ti−1), t ∈ (ti−1, si];

x(si)− x(ti−1)(t− si), t ∈ (si, ti].

Îòñþäà

x(ti) = x(si)− x(ti−1)C = x(ti−1)e
−(si−ti−1) − x(ti−1)C

= x(ti−1)(e
−(si−ti−1) − C) = x(ti−1)

(

1

i+ 1
− C

)

.

Ýëåìåíòû ïîñëåäîâàòåëüíîñòè {x(ti)}�ëîêàëüíûå ýêñòðåìóìû �óíêöèè

x. Ïîñêîëüêó x(ti)
x(ti−1)

→ −C, à ti − ti−1 → ∞ ïðè i → ∞, òî �óíêöèÿ x

óáûâàåò ìåäëåííåå ëþáîé ýêñïîíåíòû, è îöåíêà (7) íå âûïîëíÿåòñÿ.

Äàëåå â ýòîì ðàçäåëå áóäåì ñ÷èòàòü, ÷òî óñëîâèå (A) âûïîëíåíî.
Áóäåì ãîâîðèòü, ÷òî äëÿ óðàâíåíèÿ (3) âûïîëíåíî óñëîâèå (B), åñëè

∫ ∞

0

a(s) ds = ∞,

è óñëîâèå (B1), åñëè äëÿ íåêîòîðûõ t0 > 0 è m > 0 äëÿ âñåõ t ≥ t0 èìååì
a(t) ≥ m.

Ïðèìåð 3 ïîêàçûâàåò, ÷òî êîíúþíêöèÿ óñëîâèé (A) è (B1) íå ãàðàí-
òèðóþò ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè, òî åñòü àíàëîã ïðåäëîæåíèÿ 5 íå

ñïðàâåäëèâ. Îäíàêî ñïðàâåäëèâ ñëåäóþùèé àíàëîã ïðåäëîæåíèÿ 4.

Òåîðåìà 2. Åñëè äëÿ óðàâíåíèÿ (3) âûïîëíåíû óñëîâèÿ (A) è (B), òî
îíî àñèìïòîòè÷åñêè óñòîé÷èâî.

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2026, Òîì 29, � 1, C. 142-162

Mat. Trudy, 2026, V. 29, N. 1, P. 142-162



154 �àçâèòèå ïîäõîäîâ ê çàäà÷å Ìûøêèñà

Äîêàçàòåëüñòâî. Äîñòàòî÷íî ïîâòîðèòü õîä ðàññóæäåíèé èç äîêàçà-

òåëüñòâà òåîðåìû 1, èçìåíèâ òåõíè÷åñêèå äåòàëè.

Åñëè äëÿ íåêîòîðîãî �èêñèðîâàííîãî s ≥ 0 �óíêöèÿ Êîøè íå ìåíÿåò

çíàê ïðè t > s è âûïîëíåíî óñëîâèå (B), òî C(t, s) ìîíîòîííî ñòðåìèòñÿ ê
íóëþ ñ ðîñòîì t.

Ïóñòü äëÿ äàííîãî s ≥ t0 äëÿ ëþáîãî s0 ≥ s çíà÷åíèÿ C(t, s) ìåíÿþò
çíàê ïðè t ≥ s0.

Îáîçíà÷èì c(t) = C(t, s). Ôóíêöèÿ c åñòü ðåøåíèå óðàâíåíèÿ (3) íà

[s,∞).
Ïðè âûïîëíåíèè óñëîâèÿ (A) äëÿ íåêîòîðûõ K < 1 è t1 ≥ t0 èìååì:

sup
t∈[t1,∞)

∫ ∞

t

µ

(
∫ t

h(s)

a(ξ) dξ

)

a(s) ds ≤ K.

Â ýòîì ñëó÷àå äëÿ äîêàçàòåëüñòâà òåîðåìû äîñòàòî÷íî ïîêàçàòü, ÷òî äëÿ

ëþáîãî ÷èñëà M > 0 è ëþáîé òàêîé òî÷êè t2 ≥ t1, ÷òî c(t2) < 0, èìååì:
åñëè c(t) ≤ M äëÿ âñåõ t ∈ [s, t2), òî c(t2) ≥ −KM . Àíàëîãè÷íûé �àêò

óñòàíàâëèâàåòñÿ äëÿ c(t2) > 0, à â ñèëó â ñèëó ëèíåéíîñòè óðàâíåíèÿ áåç

îãðàíè÷åíèÿ îáùíîñòè ïîëàãàåì M = 1.
Èòàê, äîïóñòèì, ÷òî c(t2) < 0 è c(t) ≤ 1 äëÿ âñåõ t ∈ [s, t2), è ïîêàæåì,

÷òî òîãäà c(t2) ≥ −K.

Îáîçíà÷èì s0 = sup{t ∈ [s, t2] | c(t) > 0}. Î÷åâèäíî, c(s0) = 0.
Êàê â äîêàçàòåëüñòâå òåîðåìû 1, ïîëó÷àåì ñïðàâåäëèâîñòü îöåíêè (14)

äëÿ âñåõ t ≤ t2, îòêóäà

c(t2) = c(t2)− c(t0) =

∫ t2

s0

ċ(s) ds = −

∫ t2

s0

a(s)c(h(s)) ds

≥ −

∫ t2

s0

a(s)µ

(
∫ s0

h(s)

a(ξ) dξ

)

ds ≥ −K.

Òåîðåìà äîêàçàíà.

Èòàê, ïðè óñëîâèè (A) íåîáõîäèìîå äëÿ àñèìïòîòè÷åñêîé óñòîé÷èâîñòè
óñëîâèå (B) îêàçûâàåòñÿ äîñòàòî÷íûì, íî ïðè ýòîì ðàâíîìåðíóþ àñèìïòî-

òè÷åñêóþ óñòîé÷èâîñòü íå ãàðàíòèðóåò äàæå áîëåå ñèëüíîå óñëîâèå (B1).
×òîáû îáåñïå÷èòü ðàâíîìåðíóþ àñèìïòîòè÷åñêóþ óñòîé÷èâîñòü, íåîáõî-

äèìî íàëîæèòü îãðàíè÷åíèÿ íà ïîñëåäåéñòâèå.

Áóäåì ãîâîðèòü, ÷òî äëÿ óðàâíåíèÿ (3) âûïîëíåíî óñëîâèå (C), åñëè

sup
t∈R+

∫ t

h(t)

a(s) ds <∞.

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2026, Òîì 29, � 1, C. 142-162

Mat. Trudy, 2026, V. 29, N. 1, P. 142-162



×óäèíîâ Ê.Ì. 155

Èç òåîðåìû 2.6 ðàáîòû [21℄ èçâåñòíî, ÷òî óñëîâèå (C) ãàðàíòèðóåò ðàâíî-
ñèëüíîñòü ðàâíîìåðíîé àñèìïòîòè÷åñêîé è ýêñïîíåíöèàëüíîé óñòîé÷èâî-

ñòåé óðàâíåíèÿ (3).

Áóäåì ãîâîðèòü, ÷òî äëÿ óðàâíåíèÿ (3) âûïîëíåíî óñëîâèå (C1), åñëè

sup
t∈R+

(t− h(t)) <∞.

Âûïîëíåíèå óñëîâèÿ (B) íå âëå÷åò ñâÿçè ìåæäó óñëîâèÿìè (C) è (C1), íî
óñëîâèå (C1) ñëåäóåò èç êîíúþíêöèè óñëîâèé (B1) è (C).

Òåîðåìà 3. Åñëè äëÿ óðàâíåíèÿ (3) âûïîëíåíû óñëîâèÿ (A), (B1) è
(C1), òî îíî ýêñïîíåíöèàëüíî óñòîé÷èâî.

Äîêàçàòåëüñòâî. Åñëè äëÿ �èêñèðîâàííîãî s �óíêöèÿ c(t) = C(t, s)
íå ìåíÿåò çíàê íà ïîëóîñè [s,∞), òî â ñèëó óñëîâèé (B1) è (C1) åå ìîäóëü
óáûâàåò íå ìåäëåííåå ýêñïîíåíòû ñ ïîêàçàòåëåì (−m).

Ïðåäïîëîæèì, ÷òî �óíêöèÿ c(t) èìååò áåñêîíå÷íî ìíîãî íóëåé íà ïî-

ëóîñè [s,∞). �àññìîòðèì ïîñëåäîâàòåëüíîñòü òî÷åê

s < s1 < t1 < . . . < si < ti < . . . , i ∈ N,

ãäå si, i ∈ N, � íóëè �óíêöèè x, ti �òî÷êè åå ýêñòðåìóìà íà îòðåçêàõ

[si, si+1]. Èç óñëîâèÿ (C1) âèäèì, ÷òî ti ∈ [si, si + R], ñëåäîâàòåëüíî, åñ-
ëè si + 2R < si+1, òî íà ïðîìåæóòêå (si + 2R, si+1) ìîäóëü �óíêöèè x
óáûâàåò, ïðè÷åì â ñèëó óñëîâèÿ (B1)�íå ìåäëåííåå ýêñïîíåíòû ñ ïî-

êàçàòåëåì (−m). Â äîêàçàòåëüñòâå òåîðåìû 2 ïîêàçàíî, ÷òî óñëîâèå (A)
âëå÷åò óáûâàíèå ïîñëåäîâàòåëüíîñòè {|xi|} ê íóëþ íå ìåäëåííåå ãåîìåò-

ðè÷åñêîé ïðîãðåññèè, à ýòî ñ ó÷¼òîì óñëîâèÿ (C1) îçíà÷àåò, ÷òî äëÿ íåêî-
òîðîãî ÷èñëà K < 1 èìååì |c(ti+1)| ≤ K · |c(ti)|, åñëè ti ≥ si+1 − R, è
|c(ti+1)| ≤ K · |c(si+1 −R)| â ïðîòèâíîì ñëó÷àå.

Òàêèì îáðàçîì, ìîäóëü �óíêöèè c óáûâàåò íå ìåäëåííåå ýêñïîíåíòû

ñ ïîêàçàòåëåì (−m) íà íåïóñòûõ ïðîìåæóòêàõ (si + 2R, si+1) è íå ìåíåå

÷åì â K ðàç íà ïðîìåæóòêàõ (max{si+1−R, ti},min{si+1+R, ti+1}), äëèíû
êîòîðûõ íå ïðåâûøàþò 2R. Î÷åâèäíî, ÷òî äëÿ íåêîòîðûõ ÷èñåë N > 0 è
γ > 0, íå çàâèñÿùèõ îò s, äëÿ âñåõ t ≥ s èìååì |c(t)| ≤ Ne−γ(t−s). Òåîðåìà
äîêàçàíà.

Ñëåäñòâèå 1. Åñëè äëÿ óðàâíåíèÿ (3) âûïîëíåíû óñëîâèÿ (A), (B1)
è (C), òî îíî ýêñïîíåíöèàëüíî óñòîé÷èâî.

Äëÿ ïîëíîòû êàðòèíû ïîêàæåì, ÷òî êîíúþíêöèÿ óñëîâèé (A), (B), (C)
è (C1) íå ãàðàíòèðóåò ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè óðàâíåíèÿ (3).
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Ïðèìåð 4. Çàäàäèì ïîñëåäîâàòåëüíîñòü

0 = t0 < s1 < t1 < . . . < si < ti < . . . , i ∈ N,

òàê, ÷òî

si − ti−1 = i, ti − si = C ∈ (1, 2), i ∈ N,

è îïðåäåëèì êîý��èöèåíò è çàïàçäûâàíèå â óðàâíåíèè (3):

a(t) =

{

0, t ∈ [ti−1, si),

1, t ∈ [si, ti);
h(t) =

{

t, t ∈ [ti−1, si),

si, t ∈ [si, ti).

Óñëîâèå (A) âûïîëíåíî:

lim
t→∞

∫ ∞

t

µ

(
∫ t

h(s)

a(ξ) dξ

)

a(s) ds = lim
t→∞

∫ ∞

t

µ(t− h(s)) ds

= lim
i→∞

max
t∈[si,ti]

∫ ti

t

µ(t− si) ds = lim
i→∞

∫ ti

si+1

µ(si + 1− si) ds

= lim
i→∞

(ti − si − 1) = C − 1 < 1.

Î÷åâèäíî, ÷òî óñëîâèÿ (B), (C) è (C1) òîæå âûïîëíåíû.
Ïóñòü x(0) = 1. Òîãäà äëÿ âñåõ i ∈ N è t ∈ (ti−1, ti] èìååì

x(t) =

{

x(ti−1), t ∈ (ti−1, si];

x(si)(1− (t− si)), t ∈ (si, ti].

Îòñþäà

x(si+1) = x(ti) = x(si)(1− C),

ïðè ýòîì ïðîìåæóòêè ìåæäó si è si+1 ðàñòóò ê áåñêîíå÷íîñòè.

Óðàâíåíèå íå ÿâëÿåòñÿ ýêñïîíåíöèàëüíî óñòîé÷èâûì.

Òåîðåìà 4. Åñëè äëÿ óðàâíåíèÿ (3) âûïîëíåíû óñëîâèÿ (A) è (C),
òî äëÿ íåêîòîðûõ N > 0 è γ > 0 åãî �óíêöèÿ Êîøè C(t, s) ïîä÷èíåíà
îöåíêå (7).

Äîêàçàòåëüñòâî. Åñëè íå âûïîëíåíî óñëîâèå (B), òî óòâåðæäåíèå òåî-
ðåìû î÷åâèäíî. Ïîýòîìó äàëåå ñ÷èòàåì, ÷òî óñëîâèå (B) âûïîëíåíî.

Ñâåäåì èññëåäîâàíèå ñâîéñòâ óðàâíåíèÿ (3) çàìåíîé âðåìåíè ê èññëå-

äîâàíèþ ñâîéñòâ óðàâíåíèÿ (10), êàê óêàçàíî â ðàçäåëå 1.3. Äëÿ óðàâíåíèÿ

(10) âûïîëíåíî óñëîâèå (B1), à ñëåäîâàòåëüíî, è óñëîâèå (C1).

Ïðèìåíÿÿ ê óðàâíåíèþ (10) òåîðåìó 3, ïîëó÷àåì: óðàâíåíèå ýêñïîíåí-

öèàëüíî óñòîé÷èâî, åñëè lim
t→∞

µ(τ−ψ(ζ)) dζ < 1 è sup
τ≥0

(τ−ψ(τ)) <∞. Íî ýòî
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èìåííî òå óñëîâèÿ, â êîòîðûå ïåðåõîäÿò óñëîâèÿ (A) è (C) ïðè ïåðåõîäå îò
óðàâíåíèÿ (3) ê óðàâíåíèþ (10), à ýêñïîíåíöèàëüíàÿ óñòîé÷èâîñòü óðàâíå-

íèÿ (10) ñîîòâåòñòâóåò îöåíêå (7) �óíêöèè Êîøè óðàâíåíèÿ (3). Òåîðåìà

äîêàçàíà.

Íà îñíîâå ïðèìåðà 3 íåòðóäíî ïîñòðîèòü ïðèìåð, ïîêàçûâàþùèé, ÷òî

âûïîëíåíèå äëÿ óðàâíåíèÿ (3) óñëîâèé (A) è (C1) íå âëå÷åò îöåíêè (7) åãî
�óíêöèè Êîøè. Äëÿ ýòîãî äîñòàòî÷íî ñæàòü ïðîìåæóòêè [ti−1, si], ñäåëàâ
èõ îãðàíè÷åííûìè, è â òî æå ÷èñëî ðàç óâåëè÷èòü íà ýòèõ ïðîìåæóòêàõ

êîý��èöèåíò a(t).

� 4. Çàêëþ÷èòåëüíûå çàìå÷àíèÿ

1. Ñäåëàåì íåêîòîðûå âûâîäû èç ïðåäëîæåíèé 1�5.

Íåñòðîãîå íåðàâåíñòâî (5) ÿâëÿåòñÿ äîñòàòî÷íûì óñëîâèåì îãðàíè÷åí-

íîñòè �óíêöèè Êîøè óðàâíåíèÿ (3), à ñòðîãîå íåðàâåíñòâî (6) íå ãàðàí-

òèðóåò àñèìïòîòè÷åñêîé óñòîé÷èâîñòè óðàâíåíèÿ (3), ïîñêîëüêó ïðåäëî-

æåíèå 3 óêàçûâàåò, ÷òî íåîáõîäèìûì óñëîâèåì àñèìïòîòè÷åñêîé óñòîé÷è-

âîñòè ÿâëÿåòñÿ îòñóòñòâèå ñóììèðóåìîñòè êîý��èöèåíòà íà ïîëóîñè. Òåì

íå ìåíåå íåðàâåíñòâî (6) îáåñïå÷èâàåò îöåíêó �óíêöèè Êîøè (7), êîòîðàÿ

ïîçâîëÿåò äåëàòü âûâîäû îá óñòîé÷èâîñòè óðàâíåíèÿ (3) â çàâèñèìîñòè

îò ïîâåäåíèÿ òîëüêî êîý��èöèåíòà a(t) (íî íå çàïàçäûâàíèÿ). Êîíúþíê-
öèÿ íåðàâåíñòâà (6) ñ ðàçíûìè óñëîâèÿìè íà êîý��èöèåíò îáåñïå÷èâà-

åò ðàçíûå âèäû àñèìïòîòè÷åñêîé óñòîé÷èâîñòè: èç îöåíêè (7) ïðè îòñóò-

ñòâèè ñóììèðóåìîñòè êîý��èöèåíòà íà ïîëóîñè ñëåäóåò àñèìïòîòè÷åñêàÿ

óñòîé÷èâîñòü, ïðè îòäåëèìîñòè êîý��èöèåíòà îò íóëÿ � ýêñïîíåíöèàëü-

íàÿ óñòîé÷èâîñòü.

2. Ñîïîñòàâèì ñêàçàííîå âûøå ñ íîâûìè ðåçóëüòàòàìè.

Òåîðåìà 1 óñèëèâàåò ïðåäëîæåíèå 1, òåîðåìà 2� ïðåäëîæåíèå 4, à òåî-

ðåìà 3 è ñëåäñòâèå 1 îáîáùàþò óñëîâèÿ ýêñïîíåíöàëüíîé óñòîé÷èâîñòè

ïðåäëîæåíèÿ 5 â ñëó÷àå îãðàíè÷åííîñòè ïîñëåäåéñòâèÿ.

Ïðè èñïîëüçîâàíèè óñëîâèÿ (A) äëÿ �îðìóëèðîâêè äîñòàòî÷íûõ óñëî-
âèé óñòîé÷èâîñòè óðàâíåíèÿ (3) îöåíêà �óíêöèè Êîøè (7) íå èãðàåò òàêîé

ñóùåñòâåííîé ðîëè, êàê ïðè èñïîëüçîâàíèè ñòðîãîãî íåðàâåíñòâà (6). Ýòî

îáúÿñíÿåòñÿ òåì, ÷òî â îöåíêå (7) îòñóòñòâóåò �óíêöèÿ h, ñëåäîâàòåëü-
íî, ýòà îöåíêà ìîæåò õàðàêòåðèçîâàòü àñèìïòîòè÷åñêèå ñâîéñòâà òîëüêî

óðàâíåíèé, áëèçêèõ ïî ñâîéñòâàì ê óðàâíåíèÿì áåç çàïàçäûâàíèé. Îäíàêî

òåîðåìà 4 ïîçâîëÿåò ïîëó÷àòü îöåíêè ðåøåíèé àñèìïòîòè÷åñêè óñòîé÷è-

âîãî óðàâíåíèÿ, íå ÿâëÿþùåãîñÿ ýêñïîíåíöèàëüíî óñòîé÷èâûì.

3. Îñíîâíàÿ èäåÿ ïðèìåíåííîãî â íàñòîÿùåé ðàáîòå ïîäõîäà ñîñòîèò

â âûðàæåíèè èñêîìûõ óñëîâèé óñòîé÷èâîñòè ÷åðåç èíòåãðàë îò êîý��è-

öèåíòîâ óðàâíåíèÿ ïî òàêîìó ïîäìíîæåñòâó ïîëóîñè [t,∞), íà êîòîðîì
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êîý��èöèåíòàì ñîîòâåòñòâóþò çàïàçäûâàíèÿ, îáðàùàþùèåñÿ ê îòðåçêó

[0, t]. Ýòîò ïîäõîä ïîçâîëèë óñèëèòü ðåçóëüòàòû, ñèñòåìàòèçèðîâàííûå â

ðàáîòå [16℄. �àíåå òàêîé èíòåãðàë áûë ðàññìîòðåí êàê àëüòåðíàòèâà èí-

òåãðàëó ïî ïðîìåæóòêó çàïàçûâàíèÿ [h(t), t] â ïîñâÿùåííûõ èññëåäîâà-

íèÿì êîëåáëåìîñòè ðåøåíèé ëèíåéíûõ íåàâòîíîìíûõ óðàâíåíèé ñ ïîñëå-

äåéñòâèåì ðàáîòàõ [15℄ (äëÿ óðàâíåíèÿ ñ íåñêîëüêèè ñîñðåäîòî÷åííûìè

çàïàçäûâàíèÿìè) è [22℄ (äëÿ óðàâíåíèÿ ñ çàïàçäûâàíèåì îáùåãî âèäà).

Ïðè òàêîì ïîäõîäå ðàçíûå çàïàçäûâàíèÿ ó÷èòûâàþòñÿ â ðàâíîé ñòåïåíè.

Ïî-âèäèìîìó, òåïåðü ñëåäóåò ïðèìåíèòü åãî â èññëåäîâàíèè óñòîé÷èâîñòè

ëèíåéíûõ óðàâíåíèé ñ ïîñëåäåéñòâèåì îáùåãî âèäà.

Àâòîð ñ÷èòàåò ñâîèì ïðèÿòíûì äîëãîì âûðàçèòü áëàãîäàðíîñòü âñåì

ó÷àñòíèêàì Ïåðìñêîãî ñåìèíàðà ïî �óíêöèîíàëüíî-äè��åðåíöèàëüíûì

è ðàçíîñòíûì óðàâíåíèÿì, èíòåðåñîâàâøèìñÿ èññëåäîâàíèÿìè àâòîðà è

íåîäíîêðàòíî ïîñâÿùàâøèì âðåìÿ îáñóæäåíèþ ðåçóëüòàòîâ è ïåðñïåêòèâ

èññëåäîâàíèé.
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